
Physics of Information 
and Quantum Devices

Marcos C. de Oliveira 
University of Campinas - SP, Brazil 

Optics and Photonics Research centre 

FAPESP/Leiden University Workshop - 2016



Mission:
To be  a  distinguished  research  centre  on  basic  and applied  optical 
sciences,  promoting  technological  advances  and  broadening  the 
interdisciplinary  collaboration  among  the  centre  associated 
laboratories, private companies and international partners.

Atomic Physics
Biophotonics
Photonic Materials
Plasmonics and Nanophotonics

Composition:
Instituto de Física de São Carlos - IFSC/USP 
Instituto de Física de São Paulo – IFUSP 
Instituto de Física "Gleb Wataghin" - IFGW - UNICAMP 
Faculdade de Medicina de Ribeirão Preto - FMRP / USP 
Faculdade de Filosofia Ciências e Letras de Ribeirão Preto, FFCLRP / USP 
Programa de Pós Graduação em Física - PPG / UFABC 
Faculdade de Odontologia de Araraquara - FOAR / UNESP 
Instituto de Química de São Carlos - IQSC / USP 
Departamento de Química - DQ / UFSCAR 
Escola de Engenharia de São Carlos - EESC / USP 
Instituto de Biociências - USP - São Paulo 
Embrapa Instrumentação - EMBRAPA - São Carlos 

Director: Prof. Vanderlei Bagnato 



Mission:
To be  a  distinguished  research  centre  on  basic  and applied  optical 
sciences,  promoting  technological  advances  and  broadening  the 
interdisciplinary  collaboration  among  the  centre  associated 
laboratories, private companies and international partners.

Atomic Physics
Biophotonics
Photonic Materials
Plasmonics and Nanophotonics

Composition:
Instituto de Física de São Carlos - IFSC/USP 
Instituto de Física de São Paulo – IFUSP 
Instituto de Física "Gleb Wataghin" - IFGW - UNICAMP 
Faculdade de Medicina de Ribeirão Preto - FMRP / USP 
Faculdade de Filosofia Ciências e Letras de Ribeirão Preto, FFCLRP / USP 
Programa de Pós Graduação em Física - PPG / UFABC 
Faculdade de Odontologia de Araraquara - FOAR / UNESP 
Instituto de Química de São Carlos - IQSC / USP 
Departamento de Química - DQ / UFSCAR 
Escola de Engenharia de São Carlos - EESC / USP 
Instituto de Biociências - USP - São Paulo 
Embrapa Instrumentação - EMBRAPA - São Carlos 

Director: Prof. Vanderlei Bagnato 



Quantum Information 
Theory

Measurement and 
control of quantum 

states

Quantum 
optomechanical 

and 
electromechanical 

resonators 

Quantum 
phenomena in 

biological systems 

Control of dynamics in ultra cold 
atoms

Non-classicality and 
complementarity

Quantum correlations 
and entanglement 

theory

Gaussian states and 
continuous variable 

entanglement

Implementation of quantum walks

Quantum Technology Fundamental Aspects



4

Fundamental aspects 



Mutual Information 
(Classical)

5

H(X) = �
X

j

p(xj) log2 p(xj) H(Y ) = �
X

k

p(yk) log2 p(yk)

H(X,Y ) = �
X

j,k

p(xj , yk) log2 p(xj , yk)

H(X,Y)

I(X:Y)

I(X : Y ) ⌘ H(X : Y ) = H(X) +H(Y )�H(X,Y )

H(X|Y ) = H(X,Y )�H(Y ) H(Y |X) = H(X,Y )�H(X)



Local accessible and 
Inaccessible information

J�
AB = max

{⇧k}

"
SA �

X

k

pkSA|k

#
,

(Quantum Discord)� AB = IAB � J AB

SA SBIAB

IAB = SA + SB � SAB

H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001)



Some previous results

7

PHYSICAL REVIEW A 84, 012313 (2011)

Conservation law for distributed entanglement of formation and quantum discord
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We present a direct relation, based upon a monogamic principle, between entanglement of formation (EOF)
and quantum discord (QD), showing how they are distributed in an arbitrary tripartite pure system. By extending
it to a paradigmatic situation of a bipartite system coupled to an environment, we demonstrate that the EOF
and the QD obey conservation relation. By means of this relation we show that in the deterministic quantum
computer with one pure qubit the protocol has the ability to rearrange the EOF and the QD, which implies that
quantum computation can be understood on a different basis as a coherent dynamics where quantum correlations
are distributed between the qubits of the computer. Furthermore, for a tripartite mixed state we show that the
balance between distributed EOF and QD results in a stronger version of the strong subadditivity of entropy.

DOI: 10.1103/PhysRevA.84.012313 PACS number(s): 03.67.Mn, 03.67.Ac

I. INTRODUCTION

Quantum discord (QD) is a measure of quantum correlation
defined by Ollivier and Zurek almost ten years ago [1] and,
yet, a subject of increasing interest today [2]. It is well known
that, for a bipartite pure state, the definition of QD coincides
with that of the entanglement of formation (EOF). But it
has remained an open question how those two quantities are
related for general mixed states. Here, we present this desired
relation for arbitrarily mixed states and show that the EOF
and the QD obey a monogamic relation. Surprisingly, this
necessarily requires an extension of the bipartite mixed system
to its tripartite purified version. Nonetheless, we obtain a
conservation relation for the distribution of EOF and QD in the
system—the sum of all possible bipartite entanglement shared
with a particular subsystem, as given by the EOF, cannot be
increased without increasing, by the same amount, the sum of
all QD shared with this same subsystem. When extended to
the case of a tripartite mixed state, this relation results in an
alternative proof for the strong subadditivity of entropy, with
stronger bounds depending on the balance between the sum of
EOF and the sum of QD shared with a particular subsystem.

As an example of the importance of this conservation
relation, we explore the distribution of entanglement in
deterministic quantum computation with one single pure qubit
and a collection of N mixed states (DQC1). The algorithm,
developed by Knill and Laflamme [3], is able to perform
exponentially faster computation of important tasks [4,5] when
compared with well-known classical algorithms, without any
entanglement between the pure qubit and the mixed ones [4].
Arguably, the power of the quantum computer is supposed to
be related to QD, rather than entanglement [6]. Here, using
the conservation relation, we have shown that even in the
supposedly entanglement-free quantum computation there is
a certain amount of multipartite entanglement between the
qubits and the environment, which is responsible for the
nonzero QD (see Fig. 1).

*fanchini@iceb.ufop.br

II. CONSERVATION RELATION

Let us first consider an arbitrary system represented by
a density matrix ρABE with A and B representing two
subsystems and E representing the environment. It is important
to emphasize that the environment, here, is constituted by
the universe minus the subsystems A and B, since, in this
case, ρABE is a pure density matrix. There is an important
monogamic relation between the entanglement of formation
[7] and the classical correlation (CC) [8] between the two
subsystems developed by Koashi and Winter [9], which we
employ to understand the distribution of entanglement. It is
given by

EAB + J←
AE = SA, (1)

where EAB ≡ E(ρAB) is the EOF between A and B, J←
AE ≡

J←(ρAE) is the CC between A and E, and SA ≡ S(ρA) is the
usual Shannon entropy [10] of A. Further, ρAB = TrE{ρABE}
and analogously for ρAE and ρA. Explicitly, the CC reads
J←

AE = max{"E
x }[S(ρA) −

!
x pxS(ρx

A)], where the maximum
is taken over all positive-operator-valued measurements {"E

x }
performed on subsystem E, with probability of x as an out-
come, px = TrA{"E

x ρAE"E
x }, and ρx

A = TrE{"E
x ρAE"E

x }/px .
One can easily understand Eq. (1). The entropy S(ρA) measures
the amount of correlation (classical and/or quantum) between
A and the external world. If we divide the external world into
two parts B and E, the amount of quantum correlation between
A and B, plus the amount of classical correlation between A
and the complementary part E, must be equal to SA. In this
sense, Eq. (1) poses constraints on the ability that system A
has to share correlations with other systems. For this reason it
is called a monogamous relation.

We can show a different aspect of Eq. (1) by adding to
both of its sides the mutual information between A and E,
IAE = SA + SE − SAE . After some manipulation we obtain

EAB = δ←
AE + SA|E, (2)

where SA|E = SAE − SE is the conditional entropy and δ←
AE =

IAE − J←
AE is the QD between subsystem A and the en-

vironment E. Equation (2) tells us that the entanglement
between two arbitrary subsystems A and B is related to the

012313-11050-2947/2011/84(1)/012313(4) ©2011 American Physical Society
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We relate the problem of irreversibility of entanglement with the recently defined measures of quantum

correlation—quantum discord and one-way quantum deficit. We show that the entanglement of formation

is always strictly larger than the coherent information and the entanglement cost is also larger in most

cases. We prove irreversibility of entanglement under local operations and classical communication for a

family of entangled states. This family is a generalization of the maximally correlated states for which we

also give an analytic expression for the distillable entanglement, the relative entropy of entanglement, the

distillable secret key, and the quantum discord.

DOI: 10.1103/PhysRevLett.107.020502 PACS numbers: 03.67.Mn, 03.65.Ud, 03.65.Yz

Two complementary and among the most important
tasks in quantum information theory (QIT) are entangle-
ment dilution and entanglement distillation [1,2]. These
tasks are performed in a scenario where two spatially
separated observers, usually called Alice and Bob, share
some quantum states and are able to manipulate their
respective parties through local operations and classical
communication (LOCC) [2]. In the first task, Alice and
Bob share a large number of copies of a standard pure
maximally entangled state,

j!i ¼ 1ffiffiffi
2

p ðj00iþ j11iÞ; (1)

which is associated with a unit of entanglement called
e-bit. Their task is to construct many copies of an arbitrary,
generally mixed, state ! from many copies of j!i using
only LOCC (see Fig. 1). In the second task, Alice and
Bob want to perform the reverse operation, i.e., to extract
from many copies of an arbitrary state, generally mixed,
the maximal possible amount of e-bits using only LOCC.
Those tasks naturally raise the two most important mea-
sures of entanglement-entanglement cost (EC) and distil-
lable entanglement (ED) [2]. For a given state !ab, E

Cð!abÞ
is the optimal rate for converting a large number of e-bits
into a large number of copies of the mixed state !ab under
LOCC by Alice and Bob. Similarly EDð!abÞ is the optimal
rate for converting a large number of !ab into e-bits under
LOCC [3].

When Alice and Bob can build a large number of copies
of an arbitrary state !ab and can get the same amount
of e-bits back through LOCC, it is said that there is
entanglement reversibility. Conversely, the entanglement
is said irreversible. To understand the aspects leading to
entanglement irreversibility is one of the most important
open problems in QIT [2] with practical implications.
Particularly, entanglement dilution is connected to the
problem of classical communication over a noise quantum
channel [4] and entanglement distillation is connected to

quantum communication and quantum key distribution
[3,5–7] for secure cryptography. It is known that the task
of building an entangled state and extracting back the
e-bits is reversible if Alice and Bob are limited to build
and to distill pure entangled states [1]. For a pure state ’,
EC and ED are equal to the von Neumann entropy Sð!rÞ of
the reduced density matrix !r of one of the subsystems.
Moreover, it is a long-standing conjecture that the only
states with EC ¼ ED are pure states and the so-called
pseudopure (PP) [3,8] states,

!PP ¼
X

pij’i
abih’i

abj % jfiihfij; (2)

where jfii is an ancilla, locally accessible for Alice or Bob,
working as a flag that indicates which pure entangled state
j’i

abi is in the mixture. Although widely believed, there are
few concrete evidences for this conjecture. To understand
irreversibility for mixed states has revealed itself to be a
very difficult question and the first examples were given
only some years later in Refs. [9–12]. Particularly, in
Ref. [12] it is shown that one can find mixed states that
consume entanglement to be created but no entanglement
can be extracted from it, the so-called bound entanglement.

FIG. 1 (color online). Entanglement dilution-distillation cycle.
The entanglement loss is given by ". In the case of reversible
entanglement, " vanishes. In the irreversible case of Eqs. (8) and
(9), " is the regularized quantum discord.
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Abstract. Quantum discord (QD) measures the fraction of the pairwise mutual
information that is locally inaccessible in a multipartite system. Fundamental
aspects related to two important measures in quantum information theory,
namely the entanglement of formation (EOF) and the conditional entropy, can
be understood in terms of the distribution of this form of local inaccessible
information (LII). As such, the EOF for an arbitrarily mixed bipartite system
AB can be related to the gain or loss of LII due to the extra knowledge that
a purifying ancillary system E has on the pair AB. Similarly, a clear meaning
of the negativity of the conditional entropy for AB is given. We employ these
relations to elucidate important and yet not well-understood quantum features,
such as the bipartite entanglement sudden death and the distinction between EOF
and QD for quantifying quantum correlation. For that we introduce the concept
of LII flow that quantifies the LII shared in a multipartite system when sequential
local measurements are carried out.
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Unlike correlation of classical systems, entanglement of quantum systems cannot be distributed at will: if one
system A is maximally entangled with another system B, it cannot be entangled at all with a third system C. This
concept, known as the monogamy of entanglement, is manifest when the entanglement of A with a pair BC can be
divided as contributions of the entanglement between A and B and A and C, plus a term τABC involving genuine
tripartite entanglement and so expected to be always positive. A very important measure in quantum information
theory, the entanglement of formation (EOF), fails to satisfy this last requirement. Here we present the reasons
for that and show a set of conditions that an arbitrary pure tripartite state must satisfy for the EOF to become a
monogamous measure, i.e., for τABC ! 0. The relation derived is connected to the discrepancy between quantum
and classical correlations, τABC being negative whenever the quantum correlation prevails over the classical one.
This result is employed to elucidate features of the distribution of entanglement during a dynamical evolution.
It also helps to relate all monogamous instances of the EOF to the squashed sntanglement, an entanglement
measure that is always monogamous.

DOI: 10.1103/PhysRevA.87.032317 PACS number(s): 03.67.Mn, 03.65.Ud

I. INTRODUCTION

The concept of the monogamy of an entanglement measure
E asserts that, in a tripartite A, B, and C system, the
entanglement of A with BC can be divided as EA|BC = EA|B +
EA|C + τABC , where EA|i , i = B,C, is a bipartite entanglement
and τABC is a genuine tripartite entanglement. In that sense,
unlike correlation in classical systems, for entanglement there
is a trade-off between the amount of bipartite entanglement
A can share with B and C. In 2000, Coffman, Kundu, and
Wootters (CKW) [1] derived a monogamous relation for
the squared concurrence and defined the genuine tripartite
entanglement as the tangle (hereafter called the concur-
rence tangle) [1], τABC = C2

A(BC) − C2
AB − C2

AC , where C2
ij is

the square of the concurrence between the pair i and j . The
concurrence tangle is always positive for a three-qubit system
[1] and for multiqubit systems [2]. However, it is known that
a similar analysis made with the entanglement of formation
(EOF) would give a tangle that can be positive or negative
(hereafter we call this tangle the EOF tangle). Although there
are some instances in which the EOF could be distributed in
a monogamous fashion, it is known that it is not, in general, a
necessarily monogamous entanglement measure (see a more
complete discussion in Refs. [3–5]). This is puzzling, since
the EOF satisfies many of the axioms required for a good
entanglement measure and, further, has a clear operational
meaning [6]. So why is the EOF tangle negative or positive?

In fact it is now known that entanglement is not the only
form of quantum correlation, since there are instances where
a state that is separable (not entangled) still possesses a sort

*fanchini@fc.unesp.br
†marcos@ifi.unicamp.br

of correlation which, in principle, could be used to perform
certain tasks more efficiently than with classical correlation
only. It is not surprising though that both forms of quantum
correlation can be related to each other through extended
system [7] distribution formulas. For example, it is possible to
describe a conservation relation [8] for distribution of the EOF
and quantum discord (QD), a measure of quantum correlation;
for an arbitrary tripartite pure system, the sum of the QD of a
chosen partition, given measurements on the complementary
partitions, must be equal to the sum of the pairwise EOF
between the chosen partition and the complementary ones.
Surprisingly, the sum of the pairwise EOFs appears in a
fashion quite similar to the desired expression for the so-called
monogamy of entanglement, and the relation obtained can
be connected to the way that classical correlations [9,10] are
distributed [11–13].

Until a few years ago, the conjecture that the classical
correlation would always be greater than the quantum cor-
relation for any quantum state was broadly accepted [9,10]. In
2009, Maziero et al. [14] presented the first counterexample
to this conjecture, while studying the dissipative dynamics
for two qubits. Despite their findings, the balance between
classical and quantum correlation has not been connected to
any quantum measure or protocol. In this paper, we show
necessary and sufficient conditions for the monogamy of the
EOF to be established with the help of a general quantum
correlation measure, the QD, and identify the EOF tangle for
an arbitrary tripartite state as the difference between classical
and quantum correlations. We show that the balance between
classical and quantum correlation is crucial to understand this
important open problem. For that we develop an operational
interpretation of the EOF tangle as a measure of the imbalance
of the quantum and the classical correlations, here called the
correlation discrepancy. In fact, very recently, Giorgi showed

032317-11050-2947/2013/87(3)/032317(6) ©2013 American Physical Society
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We use the classical correlation between a quantum system being measured and its measurement

apparatus to analyze the amount of information being retrieved in a quantum measurement process.

Accounting for decoherence of the apparatus, we show that these correlations may have a sudden

transition from a decay regime to a constant level. This transition characterizes a nonasymptotic

emergence of the pointer basis, while the system apparatus can still be quantum correlated. We provide

a formalization of the concept of emergence of a pointer basis in an apparatus subject to decoherence.

This contrast of the pointer basis emergence to the quantum to classical transition is demonstrated in an

experiment with polarization entangled photon pairs.

DOI: 10.1103/PhysRevLett.109.190402 PACS numbers: 03.65.Ta, 03.65.Yz, 03.67.!a, 42.50.Ex

The measurement problem is at the core of fundamental
questions of quantum physics and the quantum-classical
boundary [1]. One way to approach the classical limit is
through the process of decoherence [2], where a quantum
measurement apparatus A interacts with the system of
interest S. The apparatus suffers decoherence through
contact with the environment (E) that collapses A into
some classical set of pointer states, which are not altered by
decoherence. The correlations between these states and the
system are preserved, despite the dissipative decoherence
process. In this sense, decoherence selects the classical
pointer states of A, inducing a transition from quantum
to classical states of the measurement apparatus. The time
scale associated with this transition is usually estimated
by the decoherence half-life. In this work, we show that
contrary to this idea, the pointer states can emerge in a
well-defined instant of time. This result is obtained by
showing that the pointer basis emerges when the classical
correlation (CC) [3] between system and apparatus be-
comes constant. It emphasizes the importance of CC in
the investigation of the measurement process, even though
the joint SA state still has quantum features, as can
be inferred by quantum discord [4]. After the transition,
measurements are repeatable being verifiable by other
observers [5], signaling the emergence of the pointer
basis. We demonstrate this behavior experimentally using
entangled photons [6].

The discussion starts by considering that a system S
initially in a state jc si interacts with a measurement
apparatus A, so that they become entangled [1,2].

The apparatus is in constant interaction with the environ-
ment E, so that during the measurement process the com-
posite system S þAþ E evolves from the (uncoupled)
initial state jc sijA0ijE0i to

P
icijsiijAiijEiðtÞi, where jAii

are orthogonal and thus distinguishable states of the
apparatus, and jEiðtÞi are the states of the environment,
which are inaccessible to the observer. The reduced density
matrix of the system and the apparatus becomes

!sa ¼
X

i;j

cic
&
j hEjðtÞjEiðtÞijsiijAiihsjjhAjj; (1)

where hEjðtÞjEiðtÞi, with i ! j, are rapidly decaying time-
dependent coefficients. Therefore, after a characteristic
period of time known as the decoherence time "D, the
resulting state of S þA is well approximated by

!sa ¼
X

i

jcij2jsiijAiihsijhAij; (2)

for which the states of the bases fjsiig and fjAiig are
classically correlated. This correlation permits an observer
to obtain information about S via measurements on A.
In this sense, it is said that the environment selects a basis
set of classical pointer states fjAiig of the apparatus and
the decoherence time "D is traditionally recognized as a
reasonable estimate of the time necessary for the pointer
basis to emerge [2,7]. However, is it correct to assume that
"D is the necessary time for the information about S be
accessible to a classical observer?
To answer this question, let us consider the amount of

information one obtains about the quantum system by
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Non-Markovianity through Accessible Information
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The degree of non-Markovianity of quantum processes has been characterized in several different ways
in the recent literature. However, the relationship between the non-Markovian behavior and the flow of
information between the system and the environment through an entropic measure has not been yet
established. We propose an entanglement-based measure of non-Markovianity by employing the concept of
assisted knowledge, where the environment E, acquires information about a system S, by means of its
measurement apparatus A. The assisted knowledge, based on the accessible information in terms of von
Neumann entropy, monotonically increases in time for all Markovian quantum processes. We demonstrate
that the signatures of non-Markovianity can be captured by the nonmonotonic behavior of the assisted
knowledge. We explore this scenario for a two-level system undergoing a relaxation process, through an
experimental implementation using an optical approach that allows full access to the state of the
environment.

DOI: 10.1103/PhysRevLett.112.210402 PACS numbers: 03.65.Yz, 03.65.Ta, 03.65.Ud, 42.50.Lc

The inevitable interaction between a system and its
environment typically results in the loss of quantum
features, such as coherence [1,2]. One important aspect
in the study of these so-called open quantum systems is the
concept of non-Markovianity, which arises due to memory
effects of the environment. Non-Markovian features might
enable the system to recover part of the lost coherence and
information back from the environment [1–4]. Although
these memory effects have been investigated in the past,
only recently an increase in the understanding of non-
Markovianity from a quantum information perspective has
emerged [5–11].
The non-Markovian nature of a dynamical quantum map

can be characterized through a number of distinct methods
[5–10]. To date, the measure defined by Breuer, Laine, and
Piilo [6] based on trace distance, is the most significant
quantifier of the degree of non-Markovianity, due to its
interpretation: non-Markovianity manifests itself as a
reverse flow of information from the environment back to
the system. An alternative method to measure the degree of
non-Markovianity relies on the fact that local, completely
positive trace-preserving (CPTP) maps cannot increase the
entanglement between an open quantum system and an
isolated ancillary system [12]. Exploiting this property,
Rivas, Huelga, and Plenio (RHP) have defined another
measure for the degree of non-Markovianity [7]. According
to the RHP measure, a dynamical process is said to be non-
Markovian if the entanglement between the open system and
the isolated ancilla temporarily increases throughout the

dynamics. Although the RHP measure provides a connec-
tion between the non-Markovian behavior of dynamical
maps and entanglement, a meaning in terms of information
flow is still lacking in this approach.
Here, we propose an entanglement-based measure of

non-Markovianity having a direct information based inter-
pretation. Our method is based on the decoherence program
[13], where a system S is coupled to a measurement
apparatusA, which in turn interacts with an environment E.
During this process, E acquires information about S since
an amount of classical correlation is created between them.
We reveal a link between the proposed measure and the
flow of information between the system S and the envi-
ronment E in terms of the maximum amount of classical
information that the environment can obtain about the
system, here called the accessible information (AI),
J←SE [14]. In particular, we show that the rate of change
of the entanglement of formation (EOF) ESA shared
by the isolated system S and the apparatus A is directly
related to the rate of change of the AI that the environment
E acquires about the system S. As a direct consequence of
this connection, J←SE turns out to be a monotonically
increasing quantity for all Markovian quantum processes.
We illustrate this scenario considering a two-level
system undergoing an amplitude damping process [1]. We
demonstrate the connection between J←SE and ESA present-
ing an experimental realization using an optical setup
that allows full access to the environmental degrees of
freedom [15].

PRL 112, 210402 (2014) P HY S I CA L R EV I EW LE T T ER S
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30 MAY 2014
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FIG. 1. (Color online) Capacitive coupling of two TLRs medi-
ated by an oscillatory NEMS. A double clamped mechanical resonator
(green) is electrically coupled to two transmission line resonators
(grey).

where Qi , Pi , and Li are, respectively, the charge, the magnetic
flux, and the impedance at the TLR, i = 1,2. We have also
defined VCT

≡ VCL
− VCR

= QL(t)CL(t)−1 − QR(t)CR(t)−1,
and !C−1

i ≡ Ci
−1 + [d2−x2(t)]

2dϵ0A
, where Ci is the capacitance in

each TLR, i = 1,2. In that Hamiltonian we have assumed that
only one mode on each TLR is significant in the coupling with
the NEMS fundamental mode, as depicted in Fig. 2.

Before full quantization of Eq. (1), we assume a regime of
rapid oscillation of the NEMS, by writing

x(t) =
"

!
2mν

(be−iνt + b†eiνt ). (2)

For rapid oscillations (νt ≫ 1), ⟨x(t)⟩ ≈ 0; furthermore,
⟨x2(t)⟩ ≈ !

mν
(⟨b†b⟩ + 1

2 ) ≡ x2
rms. Thus a relation between the

frequencies ω2
i ≡ (LiCi)−1 and !ω2

i ≡ (Li
!Ci)−1 is obtained as

!ω2
i = ω2

i +
ω2

i,eq

2

#
1 − x2

rms

d2

$
, (3)

where ω2
i,eq ≡ (CeqLi)−1. For the sort of device we are looking

for, it is reasonable to assume x2
rms/d

2 = 10−6 [15,16] and we
disregard it from Eq. (3) in a first approximation. Typical
experimental values settle ωi = 6 GHz [15], and if the second
term in Eq. (3) is of the same order it should also be
taken into account. We keep the maximal value the second
term can take, adopting !ω2

i = ω2
i + ω2

i,eq/2, meaning that

FIG. 2. (Color online) Schematic circuit corresponding to
Hamiltonian (1); a single-mode approximation was considered for
both the TLRs and the NEMS.

!C−1
i = Ci

−1 + (2Ceq)−1. Assuming

Qj =
%

!
2Lj!ωj

(a†
j + aj ) and Pj = i

%
!Lj!ωj

2 (a†
j − aj ),

(4)
which follow the standard commutation relation, we obtain

H = H0 + Hint + Hd, (5)

where

H0 = !!ω1
&
a
†
1a1 + 1

2

'
+ !!ω2

&
a
†
2a2 + 1

2

'
, (6)

Hint is the coupling between the two TLRs mediated by the
NEMS phonon number operator,

Hint =
!

(
d2 − !

mν
(b†b + 1

2 )
)

4d2Ceq
√

L1L2!ω1!ω2
(a†

1 + a1)(a†
2 + a2), (7)

and Hd is the Hamiltonian due to the voltage induced by the
NEMS oscillations,

Hd =
"

!
8

VCT
(t)

*
(a†

1 + a1)√
L1!ω1

+ (a†
2 + a2)√
L2!ω2

+

. (8)

Assuming the two TLR fields are in resonance, !ω1 = !ω2 =
!ω, in a referential rotating with !ω we can neglect the rapidly
oscillating terms appearing in the transformed Hd and Hint to
obtain (see Appendix C)

HI
int = !(θ0 + θb†b)(a†

1a2 + a1a
†
2), (9)

where θ0 = !ω!C1
4Ceq

(1 − !
2d2mν

) ≈ !ω!C1
4Ceq

, and θ ≡ − !
d2mν

θ0. Ac-
cordingly with the same assumptions for derivation of Eq. (3),
θ ≈ 10−6θ0 and therefore is very small, but now we keep it
since we show that important features appear due to the effects
of the coupling mediated by the NEMS vibration. Hamiltonian
(9) shows the effective coupling between the two TLR modes
mediated by the NEMS phonon number and allows two
direct applications which are discussed in what follows: (i)
the QND measurement of the NEMS phonon number and
(ii) the generation of a tripartite entanglement involving the
mechanical oscillator and the TLR fields, working as a probe of
the quantum character of oscillation of the mechanical device.

III. QND MEASUREMENT OF NEMS PHONON NUMBER

As a first application we develop a scheme for mean phonon
number QND measurement [17] of the NEMS through a
measurement carried out in one of the TLRs. Let us assume
that an external drive F (resonant with !ω) is applied on TLR
2. The effective interaction Hamiltonian (9) together with this
external drive is then given by

HI = !(F∗a2 + Fa
†
2) + !(θ0 + θb†b)(a†

1a2 + a1a
†
2). (10)

The quantum stochastic differential equations (QSDEs) gov-
erning the evolution of a1 and a2 are

da1

dt
= −iθ0a2 − iθb†ba2 − κ1

2
a1 + √

κ1a1in, (11)

da2

dt
= −iθ0a1 − iθb†ba1 − κ2

2
a2 − iF + √

κ2a2in, (12)
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FIG. 1. (Color online) Capacitive coupling of two TLRs medi-
ated by an oscillatory NEMS. A double clamped mechanical resonator
(green) is electrically coupled to two transmission line resonators
(grey).
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= QL(t)CL(t)−1 − QR(t)CR(t)−1,
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−1 + [d2−x2(t)]
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, where Ci is the capacitance in

each TLR, i = 1,2. In that Hamiltonian we have assumed that
only one mode on each TLR is significant in the coupling with
the NEMS fundamental mode, as depicted in Fig. 2.

Before full quantization of Eq. (1), we assume a regime of
rapid oscillation of the NEMS, by writing

x(t) =
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2 = 10−6 [15,16] and we
disregard it from Eq. (3) in a first approximation. Typical
experimental values settle ωi = 6 GHz [15], and if the second
term in Eq. (3) is of the same order it should also be
taken into account. We keep the maximal value the second
term can take, adopting !ω2
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i,eq/2, meaning that
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Hamiltonian (1); a single-mode approximation was considered for
both the TLRs and the NEMS.
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Assuming the two TLR fields are in resonance, !ω1 = !ω2 =
!ω, in a referential rotating with !ω we can neglect the rapidly
oscillating terms appearing in the transformed Hd and Hint to
obtain (see Appendix C)
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, and θ ≡ − !
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θ0. Ac-
cordingly with the same assumptions for derivation of Eq. (3),
θ ≈ 10−6θ0 and therefore is very small, but now we keep it
since we show that important features appear due to the effects
of the coupling mediated by the NEMS vibration. Hamiltonian
(9) shows the effective coupling between the two TLR modes
mediated by the NEMS phonon number and allows two
direct applications which are discussed in what follows: (i)
the QND measurement of the NEMS phonon number and
(ii) the generation of a tripartite entanglement involving the
mechanical oscillator and the TLR fields, working as a probe of
the quantum character of oscillation of the mechanical device.

III. QND MEASUREMENT OF NEMS PHONON NUMBER

As a first application we develop a scheme for mean phonon
number QND measurement [17] of the NEMS through a
measurement carried out in one of the TLRs. Let us assume
that an external drive F (resonant with !ω) is applied on TLR
2. The effective interaction Hamiltonian (9) together with this
external drive is then given by

HI = !(F∗a2 + Fa
†
2) + !(θ0 + θb†b)(a†

1a2 + a1a
†
2). (10)

The quantum stochastic differential equations (QSDEs) gov-
erning the evolution of a1 and a2 are

da1
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where for j = 1,2, κj is the relaxation rate, and aj in is the cor-
responding noise operator induced by individual reservoirs for
the radiation mode at TLR j . In the limit where θ0/κ2,θ/κ2 ≪
1 the radiation mode in TLR 2 relaxes to a stationary
coherent state due to the driving field. However, it affects
the radiation mode in TLR 1 as given by Eq. (11) contributing
with an additional noise term. In that situation the first two
terms in the second member of Eq. (12) can be neglected.
The steady state of the radiation mode in TLR 2 is then
given by

⟨a2⟩ ≈ −2iF
κ2

≡ α2.

We assume (without loss of generality) a purely imaginary
driving field F , so that α2 is real. We now take into account the
residual effect of (θ0/κ2) as an additional dissipative channel
for TLR 1. In that situation, the QSDE for a1, Eq. (11), then
becomes

da1

dt
= −iθα2b

†b − κ1

2
a1 − $

2
a1 + √

κ1a1in +
√

$ã1in,

(13)

where $ = 2θ2
0 /κ2, and ã1in is an additive quantum noise term.

Equation (13) can be exactly solved to give

a1(t) = a1(0)e− $+κ1
2 t − 2iα2θb†b

$ + κ1
(1 − e− $+κ1

2 t )

+√
κ1

! t

0
e

κ1+$

2 (t ′−t)a1in(t ′)dt ′

+
√

$

! t

0
e

κ1+$

2 (t ′−t)ã1in(t ′)dt ′. (14)

What is mostly relevant in this last equation is the
contribution of the TLR 2 radiation field amplitude α2 to
the coupling to the mechanical mode. In fact even though
θ is very small compared to θ0 the stationary coherent field
α2 can be made strong enough (through the driving field)
to amplify the interaction between the quantum radiation
mode in TLR 1 and the mechanical mode. This coupling
can indeed be explored to give a measurable experimental
quantity. For example, the average photocurrent in TLR 1,
defined as ⟨I1(t)⟩ = i

√
!ω̃/2L⟨a†

1 − a1⟩, can be calculated to
give (assuming ⟨a1(0)⟩ = 0, without loss of generality)

⟨I1(t)⟩ = − α2θ
√

8!ω̃√
L($ + κ1)

nb(1 − e− $+κ1
2 t ) (15)

with nb = ⟨b†b⟩. To illustrate the TLR 2 photonic current
profile in Fig. 3 we plot ⟨I1(t)⟩ by varying the NEMS
average phonon number. It is clearly seen that the average
number of phonons in the NEMS produces distinguishable
values for the saturation of the photonic current. On the
other hand, it is immediate to see that the current variance,
⟨(&I1)2⟩ = ⟨I 2

1 ⟩ − ⟨I1⟩2, is proportional to the variance of the
phonon number, ⟨(&b†b)2⟩. Therefore, it can be used to infer
the number statistics of the mechanical system. This subject is
going to be considered further elsewhere.

FIG. 3. (Color online) The photonic current ⟨I1⟩(t) in TLR 1, as
given by Eq. (15) for three values of the NEMS Fock states with
average phonon number nb = 1,2,3. For t ≫ 2/(k1 + $), all three
curves reach a stationary threshold given by the phonon number nb

in TLR 1 (remembering that θ < 0).

IV. ENTANGLEMENT GENERATION

Now we analyze the distribution of entanglement in our
tripartite system, as governed by the full quantized Hamilto-
nian (9). Since b†b is a conserved quantity we can solve the
Heisenberg equations of motion for the operators a1 and a2 to
obtain

ak(t) =
√

1 − T ak(0) − i
√
T aj (0), j ̸= k, (16)

for j,k = 1,2. This is exactly the equation for a beam splitter
with intensity-dependent transmittance [17] T = sin2[(θ0 +
θ⟨b†b⟩t)]. It is well known that a beam splitter entangles only
bosonic fields which are nonclassical in the quantum optical
sense [18–20], i.e., when at least one of the individual inputs is
described by a negative Glauber-Sudarshan P distribution. For
that reason the term in T depending on θ0 does not entangle the
two radiation modes if they are initially in a classical state and
therefore can be neglected for simplicity. The transmittance
term dependent on the NEMS phonon number, however, allows
the three modes, the mechanical and the photonic ones, to be
entangled, even when their initial states are classical.

To illustrate this feature, let us consider that the system is
prepared in a triple product of coherent states for the NEMS
(index N) and for the two TLRs (indices 1, 2). Those states are
easily generated in the TLRs [by a classical source of radiation
such as the one in Eq. (10)] and can in principle be generated
in the NEMS with a similar external driving. The joint pure
initial state

|ψ(0)⟩ = |α⟩N |β⟩1|γ ⟩2 (17)

is a genuine example of a classical tripartite state, but the
evolution will generate the conditioned entangled state

|ψ(t)⟩ =
∞"

n=0

Cn |n⟩N |βn(t)⟩1|γn(t)⟩2, (18)
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where |n⟩ are the Fock state, with Cn = e− 1
2 |α|2αn/

√
n!, and

βn(t) = β cos(nθ t) − iγ sin(nθ t),

γn(t) = γ cos(nθ t) − iβ sin(nθ t). (19)

For example, considering θ t = π , the state in Eq. (18) becomes

|ψ(t)⟩ = |α+⟩N |β⟩1|γ ⟩2 + |α−⟩N | − β⟩1| − γ ⟩2, (20)

where |α±⟩ ∝ (|α⟩ ± |−α⟩) are the even (+) and odd (−)
coherent states. So, not only are the three modes entangled,
but the NEMS is also left in a mesoscopic Schrödinger cat-like
state conditioned on the state on the TLR modes.

In a general way, when tracing over the partition N in
Eq. (18), one can see that the reduced state ρ̂12 is separable;
i.e., the NEMS is not able to generate entanglement between
the TLRs. However, an easy inspection of Eq. (18) or even
Eq. (20) shows that when tracing over 1 or 2 the remaining sys-
tem is entangled due to the nonorthogonality of coherent states,
being nonentangled only for large β and γ . Following the
classification of [21] this is a one-part separable state. For pure
global states, the universal measure of entanglement is the von
Neumann entropy, or the purity as given by the linear entropy
EA|B = 1 − Trρ̂2

B . Here ρ̂B represents the reduced density op-
erator after tracing over the part A of the total system with ρ̂ =
|ψ(t)⟩⟨ψ(t)|. The behavior of the bipartitions from Eq. (18) are
encoded in the following equations for linear entropies:

EN |12 = 1 −
∞!

n,m=0

|Cn|2|Cm|2e−|βn−βm|2−|γn−γm|2 , (21)

E1|N2 = 1 −
∞!

n,m=0

|Cn|2|Cm|2e−|βn−βm|2 , (22)

E2|N1 = 1 −
∞!

n,m=0

|Cn|2|Cm|2e−|γn−γm|2 . (23)

By the Poissonian nature of |Cn|2 and the boundedness of
the exponentials, all above sums are convergent. In Figs. 4
and 5 we show EN |12 for some initial coherent states when
the summation is realized over 30 terms—the error in this
truncation is of the order of 10−17 for all the plotted curves.
As one can see, although the system recurs to a nonentangled
state after a period, it is usually highly entangled. At θ t = lπ ,
with l = 1,3,5, . . . , the state is as in Eq. (20). This is a simple
scheme for tripartite entanglement generation involving
mechanical and photonic modes in a continuous-variables
regime, which can be easily implemented in a circuit.

This situation for the global pure state is useful for extension
to the case when the NEMS is in an arbitrary state

ρN =
"

d2αP (α)|α⟩⟨α|, (24)

in terms of the Glauber-Sudarshan P distribution P (α), and
the two TLRs are again prepared in coherent states |β⟩1 and
|γ ⟩2. For that case the joint evolved state is given by

ρ =
"

d2α

∞!

n,m=0

P (α)CnC
∗
m

× |n,βn(t),γn(t)⟩⟨m,βm(t),γm(t)|N12. (25)

FIG. 4. (Color online) Linear entropy of the partition N |12 quan-
tifying the entanglement between the NEMS and the two TLRs as
a function of time t (here normalized with () and |α|. We choose
α = β = γ ∈ R. Note the entanglement’s recurrence due to the
2π -periodic behavior of the functions in Eqs. (19).

However, the previous analysis in terms of the marginal
entropies cannot be applied here since the global state can be
mixed, and one has to resort to continuous-variable methods
for entanglement detection [22–24]. It is not difficult to infer
that the tripartite state will be entangled for a broad range
of NEMS states. For example, when it is in a thermal state,
P (α) = (π n̄)−1e−|α|2/n̄ is a regular Gaussian function, where
n̄ is the average number of thermal phonons. Therefore, the
NEMS state is classical, but after the evolution the tripartite
state is non-Gaussian and can be entangled or not depending
on n̄. We remark that since the global state is non-Gaussian,
the entanglement detection requires a more detailed analysis
dealing with the actual experimental limitations at hand. This
is left for further investigation.

FIG. 5. (Color online) Linear entropy of the partitions N |12
(solid) and 1|N2 (dashed) for α = β = γ = 2 as a function of
time t (here normalized with (). Since β = γ , E1|N2 = E2|N1. Inset:
The same linear entropies for distinct values of the initial state for
α = 2 and β = γ = 2 (blue); β = 3,γ = 4 (green); β = γ = 1 + 2i

(yellow); and β = 3 + 4i,γ = 1 + 2i (red).
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(ii) The compass operates spontaneously only within
a narrow functional window around the total
intensity of the local geomagnetic field; decreas-
ing or increasing the magnetic intensity by
about 25–30% results in disorientation.

The processes enabling birds to detect the direction of
the magnetic field have long remained enigmatic.
Only in recent decades have a number of mechanisms
been proposed, with two of these hypotheses being sup-
ported by experimental evidence in birds. The first
model suggests magnetoreception based on magnetite,
a specific form of Fe3O4. Several competing models on
the functional mode of magnetite-based receptors
have been suggested, some based on magnetic single
domains, others on smaller superparamagnetic particles
and even others on a combination of both (e.g. Yorke
1979; Kirschvink & Gould 1981; Kirschvink &
Walker 1985; Edmonds 1992; Shcherbakov &Winklhofer
1999; Davila et al. 2003; Solov’yov & Greiner 2007,
2009; Walker 2008). Both types of magnetite particles
have been described in birds, with single domains
suggested to be present in the ethmoid region and the
nasal cavity (e.g. Beason & Nichols 1984; Williams &
Wild 2001) and superparamagnetic particles reported
in distinct structures in the skin of the upper beak
(Hanzlik et al. 2000; Winklhofer et al. 2001; Fleissner
et al. 2003, 2007; Tian et al. 2007). Behavioural
responses of birds to a strong, brief magnetic pulse,
designed to alter the magnetization of magnetite,
support the involvement of magnetite-based receptors
in magnetoreception (e.g. Wiltschko, W. et al. 1994,
2009; Beason et al. 1995, 1997).

The other hypothesis, the ‘radical-pair’ model, first
forwarded by Schulten (1982) and later detailed by
Ritz et al. (2000), suggests that magnetoreception in
birds is based on spin-chemical processes in specialized
photopigments. Light-induced photon absorption leads
to the formation of a pair of radicals. These radical
pairs may be in the singlet or in the triplet state, with
the portion of each state and its products depending,
among other circumstances, on the alignment of the mol-
ecule in the external magnetic field. Such radical pairs
could therefore be used to detect magnetic directions.
For this mechanism to be viable, birds must be able to
compare the amount of singlets or triplets in various
spatial alignments. Considering the hemispherical shape
of the eyes and their ability to absorb light, the authors
suggested that the magnetosensitive processes take
place in the eyes, forming centrally symmetric patterns
on the retina (Ritz et al. 2000). One prediction of this
model is that oscillating magnetic fields in the megahertz
(MHz) range would interfere with the singlet–triplet
interconversion and thus should disrupt magnetic com-
pass orientation. Data from migratory robins and
directionally trained chickens as well as zebra finches
show that this is the case (Ritz et al. 2004, 2009;
Thalau et al. 2005; Wiltschko, W. et al. 2007; Keary
et al. in press), which indicates that the avian magnetic
compass is indeed based on a radical-pair mechanism.
The prediction that magnetoreception takes place
in the eyes is also experimentally supported, revealing

a strong lateralization in favour of the right eye
(Wiltschko, W. et al. 2002; Roger et al. 2008).

The radical-pair model proposes photon absorption
as the first step of magnetoreception; therefore, the
response of birds under lights of different wavelengths
became of interest. In the present paper, we review
the orientation responses of passerine migrants under
light of different wavelengths and intensities.

2. ORIENTATION BEHAVIOUR UNDER
VARIOUS LIGHT REGIMES

Tests have been performed in monochromatic light pro-
duced by light-emitting diodes (LEDs) with a half
bandwidth of mostly 30–40 nm (figure 1). A wave-
length dependency became evident: magnetic compass
orientation requires light from the short-wavelength
part of the spectrum. Robins were oriented in their
migratory direction under light from 370 nm ultraviolet
(UV) up to 565 nm green; in longer wavelength light,
they were disoriented (figure 2; Wiltschko, W. &
Wiltschko, R. 1999; Muheim et al. 2002; Wiltschko, R.
et al. 2007a). The same wavelength dependency was
found in Australian silvereyes, Zosterops l. lateralis,
and Garden Warblers, Sylvia borin (Wiltschko, W.
et al. 1993; Rappl et al. 2000). It is also indicated in
homing pigeons and domestic chickens (Wiltschko, R. &
Wiltschko, W. 1998; Wiltschko, W. et al. 2007), where
green or blue light, respectively, allow orientation, but
red light leads to disorientation. These findings suggest
that this wavelength dependencymay be a general feature
of the avian magnetic compass.

Robins were found to be oriented under red light if
they had been exposed to red light for an hour prior
to being tested (Wiltschko, W. et al. 2004a). When
their behaviour was analysed in detail, it proved not
to be normal compass orientation, however.
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Figure 1. Spectra of the LEDs used in the experiments
reported here (figures 2–7). The peak wavelengths are
given; the letters indicate the abbreviations used in the
figures. Note that the colours are only symbolic.
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Fig. 8  Spectral sensitivity curve of the Pekin robin, Leiothrix lutea, a passerine species, determined by 
conditioning experiments (modified from Maier 1992), with wavelengths used in the conditioning tests 
marked with dots. The peak sensitivity of the four colour receptors is marked below. The peak intensity 
of the LEDs used to produce the monochromatic and bichromatic lights is also indicated.  
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Fig. 3  Orientation by the inclination compass under low intensity short-wavelength monochromatic 
light: UV, 373 nm ultraviolet; B, 424 nm blue; T, 502 nm turquoise and G, 565 nm green, see Fig. 1. 
The light intensities are the same as in Fig. 2: UV: 0.8 quanta s-1 m-2; B, T and G: 8 quanta s-1 m-2. 
In autumn and in spring in the local geomagnetic field, the robins prefer their seasonally appropriate 
southern and northern migratory direction. Inversion of the vertical component of the magnetic field (vi) 
causes birds to reverse their headings. Treatment with a broad-band high-frequency field (HF) 
including frequencies from 0.1 to 10 MHz at an intensity of 85 nT causes disorientation. Symbols are 
as in Fig. 2 (data from Stapput et al. 2005, Thalau et al. 2005, R. Wiltschko et al. 2005). 
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Ĥk =
X

i

Îik ·Aik · Ŝk +
geµB

~ B · Ŝk
B = B0(sin ⇥ cos⇤, sin ⇥ sin⇤, cos ⇥)

+Brf (sin⌅ cos �, sin⌅ sin �, cos⌅)

B0 = 47µT
Brf = 150nT

From Phys. Rev. Lett. 106, 040503 (2011)
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Environment-induced anisotropy and sensitivity of the radical pair mechanism in the avian compass
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Several experiments over the years have shown that the earth’s magnetic field is essential for orientation
in birds’ migration. The most promising explanation for this orientation is the photo-stimulated radical pair
(RP) mechanism. In order to define a reference frame for the orientation task radicals must have an intrinsic
anisotropy. We show that this kind of anisotropy and consequently the entanglement in the model are not necessary
for the proper functioning of the compass. Classically correlated initial conditions for the RP, subjected to a fast
decoherence process, are able to provide the anisotropy required. Even a dephasing environment can provide the
necessary frame for the compass to work and also implies fast decay of any quantum correlation in the system
without damaging the orientation ability. This fact significantly expands the range of applicability of the RP
mechanism providing more elements for experimental search.
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I. INTRODUCTION

The ability of birds to use the earth’s magnetic field to
orientate themselves in the correct direction for migration [1,2]
has originated several experimental works devoted to under-
standing of the main features of the underlying mechanism
[3–6]. One of the first proposals for modeling the appearance
of the magnetic compass was that magneto-perception operates
by means of anisotropic magnetic field effects on the rate of
production of yields of a photo-stimulated radical pair reaction
[7–9]. Although other models have been proposed, such as a
magnetite-based magneto-perception [10,11], the proposal of
a radical pair mechanism (RPM) has been recently reinforced
[12], and strong experimental and theoretical evidences have
been presented in its favor [13–18]; suitable molecular candi-
dates for mechanism are cryptochrome photoreceptors [16,19].
The solid state RPM model can be summarized as follows [12]:
a molecular precursor reacts to form a pair of radicals due to
photochemically driven electron transfer. Taking into account
that both radicals are created in a single event, it is natural to
assume that the electron spins are initially entangled [in the
following we assume that the radical pair (RP) is created in a
singlet s state, although working with a triplet t state is also
possible]. This singlet state evolves under the influence of a
Hamiltonian containing an hyperfine interaction term between
the nuclei and their electrons and a Zeeman interaction term
between the unpaired electrons. Due to the anisotropy of the
hyperfine tensor [20], the interconversion between entangled
singlet and triplet states depends on the direction of the applied
magnetic field through the Zeeman term in the Hamiltonian.
It is necessary also to assume that the radicals are almost
immobile, without significant diffusive motion, in order to
avoid the anisotropy present in the system to be averaged
away. The RP yields depend on the relative alignment of the
magnetic field in relation to the sample [20,21], so that it can
work as a compass.

In this work, we show that the anisotropy in the molecule
can be replaced by an anisotropic environment. This fact
allows for a free isotropic molecule in a diffusive environment
to work as a compass. The model is derived through the
inclusion of dipole-dipole interaction, which, although being

weak for each individual pair, can effectively account for the
required anisotropy. In addition, although some discussion has
been given recently about the importance of entanglement
in the magneto-perception process [22,23], this still remains
obscure. In this sense, we also find that entanglement is neither
necessary in our model of isotropic molecules nor in the
anisotropic ones. Furthermore, we also verify the functioning
of the compass in the presence of artificial radio frequency
fields. We find that the isotropic model cannot work in the
presence of such a field in agreement with experimental
findings [6,13,24]. However, the anisotropic model can work
under some environmental conditions not unlikely in an open
system, which notwithstanding disagree with experimental
observation. This fact gives one more piece of evidence in
favor of the present model of an isotropic molecule together
with the environment induced anisotropy.

We begin by reviewing in Sec. II the basic model for
the avian compass based on a photo-stimulated radical pair
reaction [23]. In Sec. III we describe the models employed
for environmental noise. In Sec. IV we discuss our main
results regarding the environmental induction of anisotropy,
and finally in Sec. V we conclude the paper.

II. MODEL

Let us consider the Hamiltonian of the RP, neglecting for
the moment all other possible interactions, such as exchange
and dipolar, to be

Ĥ k =
!

i

Îik · Aik · Ŝk + ωeB · Ŝk, (1)

where the first term is the hyperfine contribution and the
second one is the Zeeman contribution, with i labeling the ith
nucleus in the kth radical. Earth’s magnetic field is given by
B = B0(sin θ cos φ, sin θ sin φ, cos θ ), and A is the hyperfine
tensor. Î and Ŝ are the spin operators for the nucleus and
the electron, respectively, ωe = geµB/!, ge is the electron g
factor, B0 = 47µT , and µB is the Bohr magneton. We assume
that the electron ge tensor is isotropic and close to that of a
free electron, and that the hyperfine tensor A is, for simplicity,
diagonal. Additionally, it can be either isotropic or anisotropic
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Quantum discord is the quantitative difference between two alternative expressions for bipartite mutual
information, given respectively in terms of two distinct definitions for the conditional entropy. By
constructing a stochastic model of shared states, classical discord can be similarly defined, quantifying the
presence of some stochasticity in the measurement process. Therefore, discord can generally be understood
as a quantification of the system’s state disturbance due to local measurements, be it quantum or classical.
We establish an operational meaning of classical discord in the context of state merging with noisy
measurement and thereby show the quantum-classical separation in terms of a negative conditional entropy.

DOI: 10.1103/PhysRevLett.115.030403 PACS numbers: 03.65.Ta, 03.67.Mn, 05.40.-a

Entanglement exemplifies the mystery of quantum
mechanics, for example, the conundrum of Schrödinger’s
cat [1–3], and embodies the quintessential resource for
quantum information processing, such as the consumable
ebits for quantum teleportation [4]. Recently significant
effort is expended on extending the notion of entanglement
to generalized bipartite “quantum correlations” [5] with
“quantum discord” the most ubiquitous of these measures
and furthermore universal in the sense that only a negligibly
few states have zero discord [6].
The huge effort into studying discord is driven by the

optimism that, “Algorithms could instead tap into a
quantum resource called discord, which would be far
cheaper and easier to maintain in the lab” [7]. Just as
entanglement is operationalized [8] by teleportation, dis-
cord is operationalized by state merging [9–12]. Therefore,
discord can be understood not just as a mathematical
characterization of a state but also as a quantity relevant
for performing a certain information task.
The question we address is whether this resource,

operationalized by state merging, is restricted only to the
quantum world or can be described within a classical
theory.
To assess the quantumness of discord, we need to

transcend the dichotomy of quantum vs classical mechan-
ics, in which something that is not classical, in the sense of
deterministically evolving objects with arbitrarily precise
properties, is ipso facto quantum. Similar issues have been
recently raised in the context of weak measurements [13].
Development of a quantum “toy theory” [14] is an example
of breaking this dichotomy by finding a self-consistent
theory that is broader than classical theory yet not as
powerful as quantum theory. A famous middle-ground
approach arises by replacing classical mechanics by sto-
chastic mechanics, or stochastic field theory [15], in which

case either or both the precision of specifying states and the
dynamics are sacrificed. Those theories do not rule out
quantum phenomena such as quantum coherence and
entanglement; instead they give an alternative description
or possibility of emergence of analogous behavior in terms
of purely classical stochastic processes.
The essential feature being captured by the quantum

discord is how much a bipartite system state is affected by
measurements. The peculiar structure of quantum mea-
surements intrinsically leads to conditioned state changes
when a detection is made and naturally introduces the
notion of correlations that cannot be locally accessed even
when there is no entanglement. There is a clear distinction
of this situation from a classical one, when perfect
measurements are enacted. However a scenario of imper-
fect classical measurements can be conceived where such
an analogous situation to the quantum one could exist. The
purpose of this Letter is to propose such a scenario by
introducing the notion of classical discord, which shares the
same feature of its quantum counterpart, in signaling how
much a system state is disturbed by measurements.
We begin by reviewing the essence of discord. Consider

two parties sharing some state of information. A precisely
known state of information can be represented by an n-bit
string i ∈ f0; 1gn, which we now generalize to a state in
stochastic information theory.
Definition 1: A stochastic-information state is a distribu-
tion pðiÞ ≥ 0 such that

P
pðiÞ ¼ 1.

The Shannon entropy of this stochastic-information state
is H ¼ −

P
pðiÞ logpðiÞ with the base 2 logarithm nota-

tion suppressed. In the quantum case the state is a trace-
class bounded positive operator ρ on the Hilbert space
represented by C⊗n

2 with basis fjiig, and the state is pure
if ρ2 ¼ ρ. The state’s von Neumann entropy
is S ¼ −trðρ log ρÞ.
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I. INTRODUCTION

The ability of birds to use the earth’s magnetic field to
orientate themselves in the correct direction for migration [1,2]
has originated several experimental works devoted to under-
standing of the main features of the underlying mechanism
[3–6]. One of the first proposals for modeling the appearance
of the magnetic compass was that magneto-perception operates
by means of anisotropic magnetic field effects on the rate of
production of yields of a photo-stimulated radical pair reaction
[7–9]. Although other models have been proposed, such as a
magnetite-based magneto-perception [10,11], the proposal of
a radical pair mechanism (RPM) has been recently reinforced
[12], and strong experimental and theoretical evidences have
been presented in its favor [13–18]; suitable molecular candi-
dates for mechanism are cryptochrome photoreceptors [16,19].
The solid state RPM model can be summarized as follows [12]:
a molecular precursor reacts to form a pair of radicals due to
photochemically driven electron transfer. Taking into account
that both radicals are created in a single event, it is natural to
assume that the electron spins are initially entangled [in the
following we assume that the radical pair (RP) is created in a
singlet s state, although working with a triplet t state is also
possible]. This singlet state evolves under the influence of a
Hamiltonian containing an hyperfine interaction term between
the nuclei and their electrons and a Zeeman interaction term
between the unpaired electrons. Due to the anisotropy of the
hyperfine tensor [20], the interconversion between entangled
singlet and triplet states depends on the direction of the applied
magnetic field through the Zeeman term in the Hamiltonian.
It is necessary also to assume that the radicals are almost
immobile, without significant diffusive motion, in order to
avoid the anisotropy present in the system to be averaged
away. The RP yields depend on the relative alignment of the
magnetic field in relation to the sample [20,21], so that it can
work as a compass.

In this work, we show that the anisotropy in the molecule
can be replaced by an anisotropic environment. This fact
allows for a free isotropic molecule in a diffusive environment
to work as a compass. The model is derived through the
inclusion of dipole-dipole interaction, which, although being

weak for each individual pair, can effectively account for the
required anisotropy. In addition, although some discussion has
been given recently about the importance of entanglement
in the magneto-perception process [22,23], this still remains
obscure. In this sense, we also find that entanglement is neither
necessary in our model of isotropic molecules nor in the
anisotropic ones. Furthermore, we also verify the functioning
of the compass in the presence of artificial radio frequency
fields. We find that the isotropic model cannot work in the
presence of such a field in agreement with experimental
findings [6,13,24]. However, the anisotropic model can work
under some environmental conditions not unlikely in an open
system, which notwithstanding disagree with experimental
observation. This fact gives one more piece of evidence in
favor of the present model of an isotropic molecule together
with the environment induced anisotropy.

We begin by reviewing in Sec. II the basic model for
the avian compass based on a photo-stimulated radical pair
reaction [23]. In Sec. III we describe the models employed
for environmental noise. In Sec. IV we discuss our main
results regarding the environmental induction of anisotropy,
and finally in Sec. V we conclude the paper.

II. MODEL

Let us consider the Hamiltonian of the RP, neglecting for
the moment all other possible interactions, such as exchange
and dipolar, to be

Ĥ k =
!

i

Îik · Aik · Ŝk + ωeB · Ŝk, (1)

where the first term is the hyperfine contribution and the
second one is the Zeeman contribution, with i labeling the ith
nucleus in the kth radical. Earth’s magnetic field is given by
B = B0(sin θ cos φ, sin θ sin φ, cos θ ), and A is the hyperfine
tensor. Î and Ŝ are the spin operators for the nucleus and
the electron, respectively, ωe = geµB/!, ge is the electron g
factor, B0 = 47µT , and µB is the Bohr magneton. We assume
that the electron ge tensor is isotropic and close to that of a
free electron, and that the hyperfine tensor A is, for simplicity,
diagonal. Additionally, it can be either isotropic or anisotropic
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Abstract We propose an implementation of a quantum walk on a circle in an opto-
mechanical system by encoding the walker on the phase space of a radiation field
and the coin on a two-level state of a mechanical resonator. The dynamics of the
system is obtained by applying Suzuki–Trotter decomposition. We numerically show
that the system displays typical behaviors of quantum walks, namely the probability
distribution evolves ballistically and the standard deviation of the phase distribution is
linearly proportional to the number of steps. We also analyze the effects of decoher-
ence by using the phase-damping channel on the coin space, showing the possibility
to implement the quantum walk with present-day technology.
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Abstract
Measuring thermodynamic quantities can be easy or not, depending on the system that is being
studied. For amacroscopic object,measuring temperatures can be as simple asmeasuring howmuch a
columnofmercury rises when in contact with the object. At the small scale of quantum
electromechanical systems, such simplemethods are not available and invariably detection processes
disturb the system state. Herewe propose amethod formeasuring the temperature on a suspended
semiconductormembrane clamped at both ends. In thismethod, themembrane ismediating a
capacitive coupling between two transmission line resonators (TLR). Thefirst TLRhas a strong
dispersion, that is, its decaying rate is larger than its drive, and its role is to pump in a pulsedway the
interaction between themembrane and the secondTLR. By averaging the pulsedmeasurements of the
quadrature of the secondTLRwe showhow the temperature of themembrane can be determined.
Moreover the statistical description of the state of themembrane, which is directly accessed in
this approach is significantly improved by the addition of a Josephson junction coupled to the
secondTLR.

1. Introduction

Electromechanical systems are devices which couplemechanical displacement and electrostatic interactions.
Measuring physical properties of such a device atmacroscopic scales is relatively easy—Coulomb in his famous
torsion balance attached chargedmetal spheres to rods and threads and visuallymeasured the torsion produced
by the electrostatic interaction between the spheres. Themeasurement of the torsion allowed him to determine
the force acting on the spheres [1, 2]. At the nanoscale however [3], themovement of a nanoelectromechanical
system (NEMS) cannot be observed directly. A further complication is that at those scales a quantumdescription
of the system is invariably necessary.

The specificNEMSwe are interested in is a suspended semiconductormembrane clamped at both ends,
whichwill be oscillating due to coupling to the thermalmodes of the clamps. The smaller is themechanical
element of theNEMS, the stronger is the coupling to the thermalmodes of the reservoirs that clamp them at the
extremities, and usually some enginnered structuresmust be employed in order to decrease its effects [4]. This
oscillator can be coupled electrostatically to other devices, allowing the transduction of themovement as electric
signals (see [5] for a general review). Previously schemes tomeasure the quadrature phase amplitude [6] and to
observe the quantumof thermal conductance [7] have been proposed. It is particularly relevant that the
detection of theNEMSmovement can give direct access to its temperature, a fundamental physical quantity
[8, 9]. For theNEMS temperaturemeasurement, usually the area under the noise power spectrumof the
displacement amplitude transduced signal is used as it gives directly themean phononnumber in the steady state
(see [4, 10] for example). However, one could ask on how to access the temperature of themechanical resonator
bymeans of a non-demolition detection scheme. Indeed, some previous discussion on non-demolition
detection in the accessment of temperature has been given [11, 12]. Also a discussion on back-action-evading
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Capacitive coupling of two transmission line resonators mediated by the phonon number
of a nanoelectromechanical oscillator
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Detection of quantum features in mechanical systems at the nanoscale constitutes a challenging task, given
the weak interaction with other elements and the available technology. Here we describe the interaction
between two monomodal transmission-line resonators (TLRs) mediated by vibrations of a nanoelectromechanical
oscillator. This scheme is then employed for quantum nondemolition detection of the number of phonons in the
nanoelectromechanical oscillator through a direct current measurement in the output of one of the TLRs. For that
to be possible an undepleted field inside one of the TLRs works as an amplifier for the interaction between the
mechanical resonator and the remaining TLR. We also show how the nonclassical nature of this system can be
used for generation of tripartite entanglement and conditioned mechanical coherent superposition states, which
may be further explored for detection processes.

DOI: 10.1103/PhysRevA.90.023843 PACS number(s): 42.50.Wk, 42.50.Lc, 85.85.+j

I. INTRODUCTION

The nature of the movement of tiny electromechanical
oscillators has proved very intriguing, receiving attention since
the early years of quantum theory [1]. Recently, several groups
have been able to engineer nanoelectromechanical systems
(NEMSs) with oscillation frequencies up to the gigahertz scale,
despite the challenge to sensitively detect movement at that
small scale [2–6]. Indeed it was demonstrated recently that one
can cool down to almost the ground state of the mechanical
oscillator [7–9] and implement experiments near the zero-point
motion [10], therefore inside the quantum regime. Single
electron transistor devices are the natural choice for movement
detection, but recently electrical transducers of motion using
circuit quantum electrodynamic devices have been considered
[11,12]. Indeed, it is interesting to explore the possibilities that
a transduction and coupling to other circuit elements may offer
for detection purposes.

In this article we show that a direct capacitive coupling
between a mechanical oscillator and two transmission-line res-
onators (TLRs) [13] enables a quadratic coupling between the
TLRs and the mechanical displacement. This procedure leads
to an efficient method for measurement of the mean phonon
number of the mechanical oscillator by current measurements
on the device. The coupling between the mechanical oscillator
and the radiation field inside the resonators is amplified in
an undepleted regime, allowing a direct quantum nondemoli-
tion (QND) measurement of the mechanical resonator mean
number of phonons in a simple setup. As a secondary result,
given the nature of the interaction between the elements, an
entangled state can be generated between the TLR modes and
the mechanical resonator states, which might be useful for
further application in quantum-information processing, or for
detection purposes.

*olimpioqedc@gmail.com
†marcos@ifi.unicamp.br

II. MODEL

Quantum features for a mechanical oscillator manifest
only when its oscillation frequency ν reaches the ν > kBT/!
limit. For typical temperatures of a few millikelvins, ν must
be of the order of gigahertz. Since ν ∝ l−1, where l is a
typical dimension of the oscillator, this requires l to be of
the order of a few nanometers. To test the quantum nature
of those oscillations constitutes a real challenge. A natural
way for probing it is through the direct electrical coupling
of the mechanical oscillator to radiation at the microwave
scale, as has been recently demonstrated [7,10,14]. In those
cases standard electrical measurements can be used to monitor
the mechanical oscillations. In the same spirit, we consider
two TLRs capacitively coupled to a mechanical oscillator as
depicted in Fig. 1. Since the capacitance changes with the
distance, the mechanical oscillations of the NEMS change
the distributed capacitances of the circuit: CL(t) = ϵ0A

[d−x(t)]

between TLR 1 and the NEMS and CR(t) = ϵ0A
[d+x(t)] between

TLR 2 and the NEMS, where ϵ0 is the vacuum dielectric
constant, A is the lateral area of the NEMS, and d is
the equilibrium distance of both TLRs from the NEMS,
here assumed to be equal. Also x(t) is the time-dependent
displacement of the NEMS from its center of mass. At
the NEMS’s equilibrium position, we define the equilibrium
capacitance as Ceq = ϵ0A/d and we avoid a short circuit by
stating that max |x(t)| < d.

By considering the distributed voltage and current in the
corresponding circuit, after some algebraic manipulations we
derive the system Hamiltonian [see the appendixes for a
complete derivation of Hamiltonians (1) and (5)],

H = 1
2

2!

i=1

"
1
Li

P 2
i + 1

#Ci

Q2
i

$
+ [d2 − x2(t)]

2dϵ0A
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−
2!

i=1
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2d
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For such a quantum walk the final probability distribution is quite
different from the classical walk6 1 Theoretical Framework

-100 -50 0 50 100
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Fig. 1.7 A comparison between the probability distributions of a classical (dotted line) and a
discrete-time quantum (solid line) random walk and on a line after 100 steps. The quantum walk
was propagated using an initial wave-function j 0i D 1=

p
2.j0;CiC j0;!i/ and identical local

coin operators given by Eq. 1.11

course means that experimentally one has to repeat the walk procedure many times
and measure the outcome in order to build up the probability distribution.

Figure 1.7 shows the probability distribution for the above quantum walk after
n D 100 steps. A comparison with the classical random walk distribution, on the
same plot, immediately reveals the rather surprising spreading properties of the
quantum walk. For the classical walk the probability to find Alice after n steps
is a Gaussian distribution with a variance !2 growing linearly with time, so the
expected distance from the origin is of the order ! ! pn. By contrast the variance
of the quantum walk scales as !2 ! n2, from which it follows that the expected
distance from the origin is of the order ! ! n. In other words the quantum walk is
a ballistic process propagating quadratically faster than the classical walk which is
a diffusive process (Ambainis et al. 2001; Blanchard and Hongler 2004).

What is significant here is that this non-classical distribution is due to the
interference of the complex amplitudes as the quantum walk evolves and relies
purely on the wave nature of the quantum walker (Knight et al. 2003a,b). As we
will see later, understanding the quantum walks as an interference phenomenon has
profound implications for their physical implementation.

1.1.2 The Pioneering Model

At this point it is instructive to briefly discuss the original work of Aharonov et al.
(1993) in which they coined the term “quantum random walk” for the first time.
There the authors introduced the idea of a random walk using a quantum coin whose
basis states could be rotated after each steps. Their description of the quantum walk
however was different from the above contemporary approach to quantum walks in
two fundamental ways.

The first difference pertains to the relationship between the position states of
the walk and the width of the walker. In the contemporary quantum walk theory,
the position states are always assumed to form an orthogonal basis for the walker,
that is hxj jxi i D ıij. In other words, after measuring the position of the walker, if
it was found to be in state jxi i with a probability equal to 1, then the probability

Bob simultaneously arrives at multiple nodes with various amplitudes
whose interference constitutes a probability distribution
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�classical ⇠
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t (t: number of steps)

�quantum ⇠ t30 3 Introduction to Quantum Walks

Fig. 3.6 Standard deviation of the quantum walk (crosses) and the classical random walk (circles)
against the number of steps

performed in another chapter. For now, we will numerically calculate the sum of
(3.24) by employing some computational implementation. The graphs in Fig. 3.6
show the standard deviation as a function of time for both the quantum walk (cross-
shaped points) and classical random walk (circle-shaped points). In the classical
case, we have !.t/ D

p
t . In the quantum case, we obtain a line, the slope being

around 0.54, i.e. !.t/ D 0:54 t
The linear dependence of the position standard deviation against time is an

impressive result. Consider the following extreme situation: Suppose the particle
has a probability of exactly one to go rightward. After t steps, it will certainly be
found in the position n D t . This movement is called ballistic. It is the motion of
a free particle with unit velocity. The standard deviation in this case is obtained by
replacing p.t; n/ by ıt n in (3.24). The result is !.t/ D t . The quantum walk is
ballistic, but the scape velocity is almost half of the free particle velocity. However,
the quantum particle can be randomly found on the right or on the left side of the
origin after measurement, which is a characteristic of random walks. The quantum
probability distribution is spread in the interval

!
! t=

p
2; t=

p
2
"
, while the classical

distribution is a Gaussian centered at the origin.

Exercise 3.8. Obtain states j .4/i and j .5/i by continuing the sequence of the
states of (3.19) and check that the probability distribution coincides with the one
described in the table in Fig. 3.3.
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